We study the process of compactification as a topology change. It is shown how the mediating spacetime topology, or cobordism, may be simplified through surgery. Within the causal Lorentzian approach to quantum gravity, it is shown that any topology change in dimensions ≥ 5 may be achieved via a causally continuous cobordism. This extends the known result for 4 dimensions. Therefore, there is no selection rule for compactification at the level of causal continuity. Theorems from surgery theory and handle theory are seen to be very relevant for understanding topology change in higher dimensions. Compactification via parallelisable cobordisms is particularly amenable to study with these tools.
theorems in these areas of mathematics were not used. We will see that some of these theorems are very useful for studying higher dimensional topology change.
One important result of this work is that any compactification S d−1 ×A may be obtained via a manifold X that admits a causally continuous Lorentzian metric, if the total dimension of spacetime n ≥ 5. Thus, no compactification is ruled out at this level in causal Lorentzian quantum gravity. Indeed the result is more general, and any topology change in these dimensions, between connected initial and final topologies, that is possible on cobordism grounds may be achieved in a causally continuous way. This result was already known for n = 4 spacetime dimensions [7] .
Another important point is that when compactifying on group manifolds, and in general via parallelisable cobordisms, we will see that it is possible to systematically rearrange the cobordisms for the process of compactification.
Section 2 reviews mathematical results from relative homology and homotopy theory, surgery theory, handle decomposition and Morse theory. Section 3 shows how the topology of the cobordism for a generic compactification may be rearranged such that the resulting cobordism admits a causally continuous almost Lorentzian metric. Section 4 considers the case of compactification via parallelisable cobordisms, where significantly further rearrangement is possible. Section 5 contains remarks on when all cobordisms can be obtained via surgery on the initial cobordism X. Section 6 is a concluding discussion. The appendix contains an argument for why surgery is a natural operation to consider on a manifold.
Mathematical preliminaries
All manifolds discussed are assumed to be smooth, connected and compact.
Results from relative homology and homotopy theory
Let A be a subspace of the topological space X, and S k (X) the free abelian group of kchains in X. Let ∂ k : S k (X) → S k−1 (X) be the boundary operator. The group of relative k-cycles mod A is Z k (X, A) = {γ ∈ S k (X) : ∂ k γ ∈ S k−1 (A)}.
(
The group of relative k-boundaries mod A is
where B k (X) is the usual group of k-boundaries. The relative homology groups are now defined as
We will be mostly interested in the case when A = ∂X, the boundary of X. The two following theorems from relative homology theory will be used. For extended discussions see e.g. [15, 16] .
Theorem 1. Given a subspace A of X, there exists an exact sequence
Theorem 2. (Lefschetz duality)
Given an oriented manifold X of dimension n and boundary ∂X then one has the isomorphisms H k (X) ∼ = H n−k (X, ∂X) and H k (X, ∂X) ∼ = H n−k (X) for all k.
It can be useful to combine Lefschetz duality with the isomorphism of vector spaces
. This isomorphism only holds with coefficients in a field, it does not hold when there is torsion. However, the following theorem shows the precise effect of torsion [15] :
Theorem 3. (Universal coefficient for cohomology) The sequence, with coefficients of the homology and cohomology groups shown explicitly,
exact (and splits).
All we need to know about the first term in the sequence, Ext 1 Z (H k−1 (X, Z), Z), is that it gives the torsion of H k−1 (X, Z). For the full definition, see for example [15] . The last term gives the non-torsion part of H k (X, Z). Thus, the theorem is saying that a copy of Z in H k (X, Z) contributes Z to H k (X, Z) and a copy of
One also has relative homotopy spaces, π k (X, A). Most important will be π 1 (X, A), which is not a group and is given by the homotopy classes relative to A of paths in X that have one endpoint at a basepoint x 0 ∈ A and the other endpoint in A. The higher relative homotopy spaces are groups [15] . The following two theorems are important [15, 16] : Theorem 4. Given a subspace A of X, there exists an exact sequence
Surgery theory and cobordism
An oriented manifold X is an oriented cobordism between the oriented manifolds M and M ′ if ∂X, with the induced orientation, is diffeomorphic to the disjoint union of M and −M ′ . Here, − denotes orientation reversal. Cobordism defines an equivalence relation on the space of oriented manifolds. We will generally be interested in the case M = ∅. Thus the manifold X has connected boundary ∂X = M ′ , neglecting the change in orientation.
There is a simple criterion for when two manifolds without boundary are oriented-cobordant [17, 18] : Given a cobordism X, it is possible to obtain a different cobordism X ′ , with ∂X = ∂X ′ , through surgery on X. Suppose X is n dimensional. Intuitively, surgery, also known as spherical modification, should be thought of as removing an embedded sphere of dimension k and replacing it with an embedded sphere of dimension n−k −1. A more precise description is as follows [19, 20, 21] .
Start with an embedding of φ : S k × D n−k → X. The boundary of the embedding is S k × S n−k−1 , which is also the boundary of D k+1 × S n−k−1 . We may thus remove the interior of the embedding and replace it with the interior of D k+1 × S n−k−1 . The result is the manifold
where − denotes removal and + denotes an identification of φ(u, θv) with (θu, v) for each u ∈ S k , v ∈ S n−k−1 and 0 < θ ≤ 1. This will be called a type (k, n − k − 1) surgery. The process is illustrated in Figure 1 . Note that we are using surgery to modify the cobordism itself. This should not be confused with the use of surgery to construct cobordisms by modifying manifolds without boundaries. By performing surgeries below, we will find cobordisms for quantum compactification with desirable topological properties.
Handle decomposition, Morse theory and causal continuity
Once we have obtained an interesting cobordism X, it will be useful to consider its handle decomposition [22, 21, 10] . A handle of index k on an n dimensional manifold, X, is an n-disc D n such that X ∩ D n ⊂ ∂X, and there is a homeomorphism h : A handle decomposition of a cobordism, X from M to M ′ , is a presentation
where
and H k is a handle on the cobordism
This gives a procedure for constructing X from the trivial cobordism. If ∂X has a single connected component, M ′ , then one may start from the disc C 0 = D n . The handle decomposition of X is not unique. For example, Figure 2 shows a handle decomposition of a 2-disc as a 2-disc with a 1-handle and a 2-handle added. Handle decompositions are generic by the following crucial result [22] :
Theorem 7. Every cobordism admits a handle decomposition .
Handle decomposition is also closely related to Morse theory [21, 23] . Morse theory will be used to define an almost Lorentzian metric on the cobordism with certain causal
X is a function f : X → R that is constant on each connected component of ∂X and whose critical points are in the interior of X and non-degenerate. Every cobordism admits a Morse function, a result closely related to Theorem 7.
The index of a non-degenerate critical point p is the number of negative eigenvalues of the Hessian ∂ i ∂ j f (p). The number of critical points with index k will be denoted µ k (f ).
The following result is important (this is theorem 3.12 of [21] translated into the language of handles):
Theorem 8. Given a handle decomposition of the cobordism X, then X admits a Morse function with exactly one critical point of index k for each k-handle in the decomposition.
The power of this result is that it gives us an equality for the number of critical points of a Morse function. This should be contrasted with the well-known weak Morse inequalities
, where b k are the Betti numbers of the manifold, X.
Given a Morse function f on X and a Riemannian metric G on X, which always exists, one may then construct an almost Lorentzian metric [5] 
where ζ > 1 is a real number. This metric is Lorentzian everywhere except at the critical points and has a well-defined causal structure because f acts as a time function. The timelike direction is G µν ∂ ν f . This almost Lorentzian metric is said to define a Morse spacetime.
The final idea we need is that of causal continuity [24] . Intuitively, a spacetime is causally discontinuous if the volume of the causal past or future of some point changes discontinuously under a continuous change in the point. A causally continuous spacetime may be characterised by the condition
Where I ± (p) denotes the closure of the chronological past and future of p. Recall that the chronological future of a point consists of all other points that may be reached via timelike curves. The closure in equation (8) is what makes the definition work.
It is conjectured [7] that causally discontinuous spacetimes do not contribute to the Lorentzian sum over histories. It was further conjectured [7] that causal continuity should be associated with critical points of index 1 and n − 1 of Morse functions. It was later proven [9, 8] that:
Theorem 9. If all Morse functions on a cobordism X contain critical points of index 1 or (n − 1), then the cobordism supports only causally discontinuous Morse spacetimes.
Conversely, if X admits a Morse function with no critical points of index 1 or (n − 1), then it does support causally continuous Morse spacetimes.
Thus, putting the above results together, in the context of causal Lorentzian quantum gravity, there is a selection rule for topology change. Topology change requires a cobordism with a handle decomposition with no 1-handles or (n − 1)-handles. We will see that this requirement is trivial in dimensions n ≥ 5. It is already known in the physics literature to be trivial in dimension n = 4 due to the Lickorish-Wallace theorem for three-manifolds [7] .
Quantum compactification: generic case
In this section we will see that there exists a simply connected cobordism for the quantum creation of any compactified universe, S d−1 × A, from nothing. We will then see that this cobordism admits a causally continuous almost Lorentzian metric.
An obvious cobordism for the creation of the compactified universe is X = D d × A, with
From this starting point we will then perform surgery, if necessary, to obtain a simply connected cobordism X ′ . Given X ′ one can then consider a handle decomposition of the cobordism and show that it admits a Morse function with no critical points of index 1 or n − 1. The process is summarised as follows:
We will work in a more general framework, in which X is a cobordism between M and
Eliminating the fundamental group
The possibility of eliminating the fundamental group through surgery is contained in the following theorem due to Milnor [19] and Wallace [20] :
Theorem 10. An oriented compact manifold, with or without boundary and of dimension n ≥ 4, can be made simply connected through a finite sequence of surgeries of type (1, n − 2).
The result of the surgeries, X ′ , thus satisfies
In fact a little more is true. Suppose X, hence X ′ , is a cobordism between M and M ′ .
Then we can now easily see that
Consider the end of the exact sequence of Theorem 4, given that π 1 (X ′ ) = 0:
However, π 0 (M ′ ) ∼ = π 0 (X ′ ), because M ′ and X ′ are connected and the inclusion map induces the isomorphism. Exactness then implies that π 1 (X ′ , M ′ ) = 0. This result is also straightforward to see directly. If M ′ = ∅ then we get the same result because π 1 (X ′ , M ′ ) = π 1 (X ′ ) = 0. Clearly the same argument may be used for M instead of M ′ . The following subsection will further consider the cases when X ′ , M or M ′ are not connected.
In the appendix, a motivation is given for considering surgery as a 'minimal' transformation on manifolds that may eliminate homotopy groups.
A causally continuous Morse metric for compactification
We have obtained a cobordism for compactification, X ′ , with
This now allows us to find a particularly amenable handle decomposition of X ′ . The important statement in this subsection is Theorem 12 below, but some preliminary remarks concerning connectivity, 0-handles and n-handles are needed.
First note that without loss of generality, we may assume that the initial cobordism X, and hence X ′ , is connected. Suppose X were not connected. Then we could make it connected by use of type (0, n−1) surgeries. Concretely, in order to connect two components, remove a small disc from each, S 0 × D n , and then join the components with D 1 × S n−1 .
Once X is connected, connectivity of X ′ follows because connectivity is not affected by the type (1, n − 2) surgeries of Theorem 10. In fact, we don't strictly need to do this, we could work with a disconnected cobordism by considering each connected component to
give an independent cobordism, and then applying the argument below to each component separately. We may now use the following result [22] :
Lemma 11. If X ′ is a connected cobordism from M to M ′ , then X ′ admits a handle decomposition with no 0-handles if M = ∅ and no n-handles if M ′ = ∅.
The case M = ∅ or M ′ = ∅ do not pose a problem for our purposes. In, say, the case M = ∅, remove a small disc D n from X ′ . Now view X ′ as broken into two sequential cobordisms; the first, D n , from ∅ to S n−1 , and the second, X ′ − D n , from S n−1 to M ′ . The first of these cobordisms is trivial, made up of a 0-handle and nothing else. The second cobordism now fulfills the criteria of Lemma 11. In the case where originally we had X ′ with M = ∅, we shall instead regard X ′ as being the second cobordism, with the D n excised, and therefore M = S n−1 . We will then simply add the D n back in after applying the following theorem [22, 21] :
Theorem 12. Suppose X ′ is a connected cobordism from M to M ′ with a handle decomposition with no 0-handles and i k k-handles for k > 0. Suppose π 1 (X ′ , M ) = 0 and n ≥ 5.
Then X ′ admits a different handle decomposition with i k handles for k = 1, 3, no 1-handles
Thus we may always find a handle decomposition for X ′ which has no 1-handles. Adding back in an excised D n , if necessary, adds only a 0-handle to the decomposition, and no 1-handles. Further, by considering the 'dual handle decomposition' [22] , which views the cobordism in the opposite direction, from M ′ to M , Theorem 12 may further be used to remove the (n − 1)-handles, because π 1 (X ′ , M ′ ) = 0. By Theorems 8 and 9 we then see the cobordism X ′ admits a causally continuous almost Lorentzian metric. No compactification is ruled out due to causal discontinuities for dimensions n ≥ 5.
More generally, we see that no topology change in higher dimensions, with connected M and M ′ , is ruled out through considerations of causal continuity. Some topology change will be ruled out on the grounds of Theorem 6. By constructing the initial cobordism X explicitly above, we saw that this is never a problem for compactification. The condition of n ≥ 5 arises from uses of the Whitney Lemma [22] , which is used to rearrange handles so that the intersections of handles may be placed in a canonical form.
In the above we have assumed that the initial and final topologies, M and M ′ , are connected. Consider the case that M ′ has various disconnected components. The key step above that no longer holds is that following equation (9); if X ′ is connected, then π 0 (M ′ ) and π 0 (X ′ ) are no longer isomorphic. It follows from (9) that π 1 (X ′ , M ′ ) is nonzero, contrary to the requirements of our argument for eliminating (n − 1)-handles.
In order to solve this problem, we would need X ′ to be disconnected, with one component Here − denotes orientation reversal. If we wanted to work only with spin manifolds, then we should use spin cobordism rather than oriented cobordism. In this case an example, in eight spatial dimensions, would be N = −N ′ = HP 2 .
To summarise, our argument will not work in circumstances such as when M = ∅ and when M ′ is disconnected and with two or more components that do not individually bound. Thus, requiring causal continuity might forbid the simultaneous creation of multiple universes with topologies that do not bound.
Compactification via parallelisable cobordisms
In this section we see that when the cobordism, X, is a parallelisable manifold, then the topology for quantum compactification may be rearranged considerably further than in the generic case. Recall that Lie groups are parallelisable. Note that this class of spacetimes includes torus compactifications. Weaker conditions than parallelisability are possible [19] , but will not be studied here.
Eliminating higher homotopy groups
For a generic manifold, eliminating the fundamental group was the only possibility. This is because in order to perform the surgeries that eliminate homotopy groups, π k (X), one needs to use embedded spheres with trivial normal bundle, in order to embed S k × D n−k .
For any orientable manifold, an embedded S 1 will have trivial normal bundle, but this will not be true for higher dimensional embedded spheres.
However, if the cobordism has additional properties, then it will be possible to find spheres representing homotopy classes that have trivial normal bundles. In this case one can use surgery to eliminate the homotopy class by collapsing the sphere.
Following [19, 25] , define a manifold, X, to be S-parallelisable if the sum T (X) ⊕ L is a trivial bundle. Here T (X) is the tangent bundle and L is a trivial line bundle over X.
One now has the following lemmas [25] :
Lemma 13. If X is a submanifold of S n+m , n < m, then X is S-parallelisable if and only if its normal bundle is trivial. An example of a parallelisable manifold that is not a Lie group is S 7 . The usefulness of S-parallelisability is that it allows us to eliminate many homotopy groups [19, 25, 20] :
Theorem 16. Let X be compact, connected, and S-parallelisable, of dimension n ≥ 2m.
Then, by a sequence of surgeries, one can obtain an S-parallelisable manifold, X ′ , with
A consequence of this theorem is that the homology of X ′ is largely determined by that of the boundary ∂X ′ = ∂X using Theorems 2 and 3. Theorem 5 implies that
One has, for even dimensions n = 2m,
These results follow from Theorem 16 as an elementary exercise using Theorems 1, 2 and 3. The final line of (10) requires ∂X ′ to be connected. A similar list is possible in odd dimensions. The only difference is that if n = 2m + 1, then both H m (X ′ ) and H m+1 (X ′ )
are not determined by the boundary.
This elimination of homology groups is all we shall use below. Note however, that the vanishing of homology groups has implications for handle decompositions [22] :
Theorem 17. Let X be a cobordism from M to M ′ with no handles of index < s and i t t-handles for t ≥ s. Then, if M is simply connected and 2 ≤ s ≤ n − 4, n ≥ 6 and H s (X, M ) = 0, we can find a new handle decomposition with the same number of t-handles for t = s, s + 1, with no s-handles and with i s+1 − i s (s + 1)-handles.
This theorem implies that for an S-parallelisable manifold one may find a handle decom-
Note that one cannot generically eliminate handles above the middle dimension through considering the dual decomposition, because this
There are also various circumstances under which one can do even better than in the previous subsection and further eliminate the mth homology group through surgery, where n = 2m or n = 2m + 1, in the even and odd dimensional cases respectively [19, 26] . In this case the homology is entirely determined from the boundary. This will not be discussed further here.
To illustrate the results of this section, consider now two examples.
Example: Torus compactification from six to four dimensions
The initial cobordism is X = D 4 × T 2 with boundary ∂X = S 3 × T 2 . Theorem 16, Lefschetz duality, and the universal coefficient theorem allow us to find a cobordism X ′ with the following homology known:
The remaining group, H 3 (X ′ ), is not given by the boundary topology. However, it cannot be zero because the exact sequence
would then imply H 3 (∂X) = 0, which is false. Thus H 3 (X ′ ) = 0.
The absence of first and second homology groups in the cobordism X ′ is something that we could not have achieved by taking the other obvious cobordism
(which incidentally is also parallelisable, cf. Corollary 20 below). We can see that what we have done is trade the lower dimensional homology of X, H 1 (X) = Z ⊕ Z, H 2 (X) = Z, for the higher dimensional homology of X ′ .
This result may be generalised to manifolds with boundary as follows. The question is when two manifolds with boundary, i.e. cobordisms, X and X ′ , with ∂X = ∂X ′ , may be obtained from one another via surgery. We will say that X and X ′ are cobordant with boundary if there exists a manifold W such that ∂W = X ∪ X ′ ∪ (∂X × [0, 1]), where X and X ′ are attached to (∂X, 0) and (∂X, 1) in the obvious way. This is illustrated in Figure   3 , using the two cobordisms of Figure 1 . We are essentially considering a 'cobordism of cobordisms'. One can generalise this concept to the case when ∂X = ∂X ′ [22] .
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Corollary 20. Any two cobordisms, X, X ′ with ∂X = ∂X ′ , of dimension 6 or 7 are related via surgeries.
Therefore in these dimensions at least, we are not missing any cobordisms by restricting attention to those obtained from D d × A by surgery. In other dimensions, cobordisms will fall into equivalence classes of those obtainable from one another via surgery [18] .
This work has considered surgery as a canonical and systematic method of rearranging cobordisms for topology change. We have shown that any pair of connected cobordant manifolds in dimensions ≥ 5 admits a causally continuous cobordism. This result extends the known result for 4 dimensions. A consequence is that quantum compactification is allowed in causal Lorentzian theories of quantum gravity, without selection rules.
We further illustrated the possibilities of surgical modifications by considering quantum compactification via parallelisable cobordisms.
Compactification is not the only higher dimensional topology change currently of interest. Recent results concerning instabilities in higher dimensions have hinted at the possibility of topology change [27, 28, 29, 30, 31] . More precisely, topology change arises in these works in two, related, ways 1 . Firstly, there seems to be a one-parameter family of solutions connecting compactified black strings and black hole spacetimes [28, 29] . Thus along this parameter the horizon topology, and also the singularity topology and the Euclidean spacetime topology, changes. Secondly, one considers the dynamical evolution of classical instabilities of uniform black string spacetimes [27] or generalised black hole spacetimes in which the instability is a 'ballooning' mode [30, 31] . The perturbative dynamics, together with the lack of an obvious stable endpoint, suggest that the system is driven towards a regime in which quantum topology change may occur. In the black string case, this is related to the topology change along the one-parameter family of solutions mentioned previously. This is because the nonuniform black strings in the family of solutions have a higher mass than the unstable uniform black strings and the known lower mass solutions that could be available as endpoints of the instability are black holes and therefore have a different horizon topology.
A Surgery as a canonical modification
In this appendix we give one justification for considering surgery as a 'minimal' transformation of a manifold that eliminates the fundamental group. Suppose we have two manifolds X = D d × A and X ′ , not a priori related by surgery, with the same boundary. Further, we assume that X ′ is simply connected, whilst X is not.
For simplicity, assume that both X and X ′ have no torsion in their homology. This will enable us to assume an isomorphism between homology and cohomology. Consider the following pair of exact sequences, where Lefschetz duality, H 1 (X ′ ) = 0, and H 1 (X, ∂X) = 
Suppose H n−2 (X ′ ) = 0, this will lead us to a contradiction. Exactness of the second row would then imply that H 1 (∂X ′ ) = H 1 (∂X) = 0. Now exactness of the first row implies that H 1 (X) = 0. But this contradicts the initial assumption that the starting cobordism X was not simply connected. Thus we must have H n−2 (X ′ ) = 0.
The upshot of this argument is that any process eliminating the first homology from a manifold X with H n−1 (X) = 0 must necessarily introduce an (n − 2)-th homology, if the boundary is preserved and modulo our torsion-free assumption. This is precisely what a surgery of type (1, n − 2) does in a minimalist way. The surgery collapses an S 1 and introduces an S n−2 . This is not a uniqueness proof, but gives some intuition for why surgery is natural in the present context. In fact, it is not difficult to give a precise meaning to the sense in which the change is minimal by proving that [20] :
Lemma 21. If a type (k, n − k − 1) surgery takes X to X ′ , then we have H p (X) ∼ = H p (X ′ )
for all p except p = k, k + 1, n − k − 1, n − k.
